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CONSTANT ISOTROPIC SUBMANIFOLDS
WITH 4-PLANAR GEODESICS

JIN SUK PAK AND KUNIO SAKAMOTO

ABSTRACT. Let f be an isometric immersion of a Riemannian manifold M
into M. We prove that if f is constant isotropic, 4-planar geodesic and M is a
Euclidean sphere, then M is isometric to one of compact symmetric spaces of
rank equal to one and f is congruent to a direct sum of standard minimal im-
mersions. We also determine constant isotropic, 4-planar geodesic, totally real
immersions into a complex projective space of constant holomorphic sectional
curvature.

0. Introduction. In [15], O’'Neill studied isotropic immersions and showed
that if the difference between the sectional curvatures of the submanifold and the
ambient manifold is constant for any plane section tangent to the submanifold, then
the codimension must be high compared with the dimension of the submanifold un-
less the immersion is totally geodesic or umbilical. The class of (constant) isotropic
immersions (for instance, into a sphere) seems to be too large to classify them. For
example, the composition of two isotropic immersions is also isotropic and for two
given isotropic immersions f; and f; into SP(1) and S9(1), respectively, their “di-
rect sum” (cosff1,sinff,) into SPT9+1(1) is also isotropic for any §. Furthermore,
it is well known that there are many constant isotropic immersions in equivariant
isometric immersions of homogeneous spaces.

An isometric immersion f: M — M is said to be 4-planar geodesic if, for each
geodesic 7 of M, the curve f o~ is locally contained in a 4-dimensional totally
geodesic submanifold of M. The class of 4-planar geodesic immersions (into a
sphere) is also large. At least, an isometric immersion of a surface into a 4-
dimensional Riemannian manifold is always 4-planar geodesic.

In this paper, we try to classify immersions in the intersection of these classes. In
particular, we are able to classify constant isotropic, 4-planar geodesic (resp. and
totally real) immersions of connected, complete Riemannian manifolds into a unit
sphere (resp. complex projective space of constant holomorphic sectional curvature
4).

In §1, we give basic equations used later and some definitions. In §2, we prove
that if f is a constant isotropic, 4-planar geodesic (resp. and totally real) immersion
into a real space form (resp. CP9(c)), then f is a helical immersion of order < 4.
Here we recall that an isometric immersion f: M — M is called a helical immersion
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of order d if, for each geodesic 4 of M, the curve f o~ in M has constant Frenet
curvatures which are independent of the chosen geodesic and the osculating order is
equal to d [20]. In [8], it was shown that if f: M — (real space form) is an isometric
immersion with every geodesic being of order d (even) and the Frenet curvatures
K1,...,K(d4/2)-1 are constant (independent of the chosen geodesic), then f is a
helical immersion of order d. However, it should be noticed that our assumption
“4-planar geodesic and constant isotropic” is weaker than [8] when d = 4 and the
ambient manifold is a real space form. In §3, we generalize the results about helical,
minimal immersions of order < 4 into spheres [21, 22] to not necessarily minimal
ones and show that the submanifolds are compact symmetric spaces of rank one.
T. Tsukada [24] proved that every helical immersion of a compact symmetric space
of rank one into a sphere is congruent to a direct sum of some standard minimal
immersions and calculated the order of the direct sum (see also [7]). Making use
of his result, we classify constant isotropic, 4-planar geodesic immersions into a
unit sphere (Theorem 3.6). In contrast with a real space form, we should note
that a curve of order d with constant Frenet curvatures in a complex space form
is not always contained in a d-dimensional totally geodesic submanifold. We can
see this fact in the classification of isotropic, totally real submanifolds with parallel
second fundamental forms in CP9(c), which was done in [11]. By using [11], we
classify constant isotropic, 4-planar geodesic, totally real immersions into CP?(4)
(Theorem 3.11). In §4, we show that an example given in the study of stationary
2-type surfaces in a sphere [1] is isotropic and 5-planar geodesic (but not 4-planar
geodesic). This shows that it is impossible to replace “4-planar geodesic” by “5-
planar geodesic” in Theorems 2.6 and 2.7 (see also Remark in §2).

1. Basic equations. Let f: M — M be an isometric immersion of an n-
dimensional Riemannian manifold M into an m-dimensional Riemannian manifold
M. We denote by V and V the Riemannian connections of M and M, respectively.
The second fundamental form, Weingarten map corresponding to a normal vector
¢ and the normal connection is denoted by H, A, and V<, respectively.

For vector fields X and Y tangent to M, Gauss and Weingarten’s equations are
given by

(1.1) VxY =VxY + H(X,Y),
(1.2) Ux€=—-AcX + VyE,

where ¢ is a normal vector field. In the sequel, we will deal with the case where the
ambient manifold M is a simply connected, complete Riemannian manifold M (c)
of constant curvature ¢ (i.e., S™(c), E™ or D™(c)) or a complex projective space
CPY(c) of constant holomorphic sectional curvature ¢, where m = 2q. Let R be the
curvature tensor of M and D the van der Waerden-Bortolotti connection. When
M = M(c), the structure equations of Gauss, Codazzi and Ricci are respectively
given by

(1.3) R(X,Y)Z =c{{Y,2)X —(X,Z2)Y } + Au(v,2)X — Au(x,2)Y,

(1.4) (DxH)(Y,Z) - (DyH)(X,Z) =0,
(1.5) RY(X,Y)¢ = H(X,A¢Y) — H(AeX,Y),
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where R+ denotes the curvature tensor of the connection V+. Let J be the complex
structure of CP?(c). Denote by Projr,, and Projy,, the projections of TCP4(c)
to the tangent bundle TM and the normal bundle N M, respectively and put J =
Projpp 0 J|TM, Jy = Projyp0J|TM, Jp = Projpp0J|NM and J+ = Projy .0
JINM. Then we can write

JX=JX+JxyX, JeE=JrE+Jte
for every tangent vector X and normal vector £. Using these tensors, we can write
structure equations of f: M — CPI(c) as
R(X,Y)Z = (¢/0){(Y,Z)X — (X, Z)Y + (JY,Z)JX
(1.3) - (JX,2)JY —2(JX,Y)JZ}
+ Any,z)X — An(x,2)Y,

(DxH)(Y,Q) — (Dy H)(X, Z)

1.4)' - . -
(14) = (c/){(JY,Z)INX — (JX,Z)INY — 2{JX,Y)INZ},
RH(X,Y)€ = (¢/Y{{InY, )InX = (JnX,E)InY - 2JIX,Y)J €}

+H(X,AY) - H(AX,Y).

_ We easily see that Jy = Jr = 0 if and only if M is a Kaehler submanifold. If
J =0, then f: M — CP9(c) is said to be totally real and equations (1.3)" and
(1.4)" reduce to the same as (1.3) and (1.4), respectively. Moreover, in the case
where f is totally real, we have

(1.6) (INY,H(X,Z)) =(INZ,H(X,Y))

for every X,Y,Z € T, M, which is derived from VJ=0.

A curve 7: I — M defined on an open integral [ is said to be d-planar if there
exist an open i@rval I, (s € I, C I) and a d-dimensional totally geodesic sub-
manifold P; of M for each s € I such that 7(I;) C Ps. An isometric immersion
f: M — M is said to be d-planar geodesic if 7 = f o« is d-planar for every
geodesic v: I — M. 1-planar geodesic immersions are totally geodesic. 2-planar
geodesic immersions were studied in [9 and 19] and 3-planar geodesic immersions
were studied in [14 and 17]. .

An isometric immersion f: M — M is said to be (A-)isotropic if
(L.7) 1H (X, X)|| = A(w (X))
for every X € UM, where m: UM — M is the projection of the unit tangent bundle
of M and ) is a function defined on M (cf. [15]). Moreover, if A is constant, then
the immersion is said to be constant isotropic. We easily see that f is isotropic if
and only if
(1.8) (H(X,X),H(X,Y)) =0
for any orthogonal vectors X and Y tangent to M at every point. Equation (1.7)
implies that
(19) (H(X,X),H(Y,Y)) + 2[|[H(X,Y)|* = *
for orthonormal vectors X and Y. By this equation and (1.3)', we can prove
(cf. [18])

(1.5)
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PROPOSITION 1.1. Let M be a connected, complete Kaehler manifold of com-
plex dimension r > 2. If f: M — CPI(c) is an isotropic Kaehler immersion,
then M is isometric to CP™(c/k) and f is equivalent to the kth complex Veronese
tmmersion for some positive integer k.

In the following section, we shall need a Codazzi equation of the form (1.4) and
hence the assumption that f: M — CP9(c) is totally real.

2. Frenet curvatures. Let f: M — M(c) (resp. CP%(c)) be a constant
isotropic (resp. totally real, constant isotropic) immersion. We always assume that
n > 2. Let « be any unit speed geodesic of M, z = 4(0) and X = 4(0).

LEMMA 2.1. For the curve 7 = f o~ in M, we have
Vxt=H(X,X),
Vai = —A*X + (DH)(X?),
Vit = -\2H(X, X) + (D*H)(X*),
Vit = MX = Apryx1) X — N(DH)(X?) + (D*H)(X®),
where we have put (DH)(X?®) = (DH)(X, X, X) and so on.

PROOF. The first two equations are easily derived from (1.1), (1.2) and (1.8).
Let Y be any unit tangent vector orthogonal to X at z. Extend them to orthonor-
mal, local vector fields X" and Y around z such that VX' = VY =0 at z. Then
from (1.8) and (1.9)

0=Y - [|HX",X)|?*=2((DH)(Y, X, X,), H(X, X)),
0=X-(H(X',X"),H(X",Y"))
= ((DH)(X? ),H(X,Y)) + (H(X,X),(DH)(X,X,Y)),
from which we have
(2.1) (H(X,X),(DH)(X,X,Y)) = (DH)(X®),H(X,Y)) =0.

Since (H(X,X),(DH)(X3)) = 0, (2.1) holds for any tangent vectors X and Y.
Making use of (2.1), we can easily show the last two equations. Q.E.D.

If A =0, then f is totally geodesic. Thus we have only to consider the case
A #0.

LEMMA 2.2. Assume that f is 4-planar geodesic. Then the function p: UM —
[0,00] defined by

w(X) = [[(DH)(X®)|I/A

18 constant on each fiber Uy M.

PROOF. We shall prove that the derivative of u? |U, M vanishes. If u2(X) = 0,
then p? attains the minimum at X and hence the derivative vanishes at X. Let
S; = {X € UM;u(X) # 0} and Y be an arbitrary tangent vector orthogonal to
X € $;NU;M. Identify Y with a vector tangent to U, M at X. Then it suffices to
show that Y - u? = 0 which is equivalent to

(2.2) (DH)(X®),(DH)(X,X,Y)) =0.
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Define 71(X), 72(X) and 73(X) by
(2.3) n(X)=X, nX)=HXX)/A  n(X)=(DH)(X3)/
for X € S; and v: S; — [0, 00] by
v(X) = [IVx73(3x) + pra (X)),

where ~x is the unit speed geodesic tangent to X at +(0). Using (1.2) and the
definition of u, we have

Vxt3(4x) + pra(X) = pr2(X) = (1/X%6*)((DH)(X?), (D*H)(X*))7s(X)

+ (1/Au)(D*H)(X*).
If v(X) # 0, then 74(X) is defined by
(2.5) 74(X) = {Vx73(x) + pr2(X)}/v.

We have defined orthonormal vectors 73 (X), 72(X), 73(X) and 74(X) for X € {X €
UM;u(X) #0, v(X) # 0}. Since f is 4-planar geodesic, there exist a 4-dimensional
totally geodesic submanifold P of M and an open interval I (3 0) such that 7 (I) C
P, where 7x = fo~x. Thus {r;(X)}, ¢ = 1,2,3,4, forms the Frenet frame of 7x
and span Tyr(x)P at 7(X).

Let X € S; NU,M be arbitrarily fixed. Since (2.1) implies

(D*H)(X*),H(X,Y)) + (DH)(X?),(DH)(X, X,Y)) =0,
(2.2) is equivalent to
(2.6) (D*H)(X*),H(X,Y)) =0

for every tangent vector Y orthogonal to X. Suppose that v(X) # 0. Taking the
fact that 72(X), 73(X) and 74(X) are normal to M into account, we see that Y
is orthogonal to T, P. Since Vx%rx is tangent to P, we obtain (2.6) by the last
equation of Lemma 2.1. Next suppose that v(X) = 0. (D?H)(X*) is a linear
combination of 75(X) and 75(X) because of (2.4). Thus (2.6) is derived from (1.8)
and (2.1). Q.E.D.

REMARK. In the above proof. We used conditions that f is constant isotropic
and 4-planar geodesic to prove (2.6). However, we can not replace “4-planar
geodesic” by “5-planar geodesic” because we have an example of constant isotropic,
5-planar geodesic immersions such that u depends on X € U, M. See §4.

By Lemma 2.2, u can be considered as a function on M, which is also denoted
by u. Let f be 4-planar geodesic.

LEMMA 2.3. The function u is constant on M.

PROOF. It suffices to show that the derivative of u? vanishes on S; = {z €
M; u(z) #0}. Let z € So and Y € U, M be arbitrarily fixed. Since n > 2 and

Y - u? = (2/A°)((D*H)(Y, X?),(DH)(X?)),
we shall prove
(2.7) ((D*H)(Y,X®),(DH)(X®)) =0
for a unit tangent vector X orthogonal to Y. In order to prove (2.7), we must show
(2.8) ((D*H)(Y,X®),(DH)(X?)) = (D*H)(X%,Y), (DH)(X?)).
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Assume that (2.8) holds. From (2.2), we have
(D*H)(X*),(DH)(X, X,Y)) + ((DH)(X®), (D*H)(X®,Y)) = 0
and hence
(29)  ((D*H)(Y,X%),(DH)(X%)) = —((D*H)(X*), (DH)(X, X,Y)).
Moreover, from (2.6)
(D*H)(X°), H(X,Y)) + ((D*H)(X*),(DH)(X, X,Y)) = 0.

Therefore (2.7) is equivalent to ((D3H)(X%), H(X,Y)) = 0. Suppose that v(X) #
0. Then (r;(X),H(X,Y)) =0for¢ = 2, 3,4 because of (1.8), (2.1) and (2.6). There-
fore (V‘;{i‘x, H(X,Y)) = 0 because f is 4-planar geodesic. By the last equation of
Lemma 2.1, we have (2.7). If v(X) = 0, then (2.7) follows from (2.1), (2.2), (2.4)
and (2.9).

To complete the proof, we have only to prove (2.8) for every orthonormal vector
X and Y at z € S;. From Ricci’s identity
(2.10)

(D?H)(Y,X3) — (D*H)(X,Y,X%) = R*(Y,X)H(X,X) - 2H(R(Y, X)X, X)

and (2.1), we have

(D*H)(Y,X%) - (D*H)(X,Y, X?), (DH)(X?))

(2.11)
=(RY(Y,X)H(X,X),(DH)(X?)).

If the ambient manifold M is M(c) of constant sectional curvature c, then the

right-hand side of (2.11) vanishes by Ricci’s structure equation (1.5), (1.8) and

(2.1). Next, suppose that M = CP9(c) and f is totally real. Substituting (1.5)

into the right-hand side of (2.11), we obtain

(2.12)

(D*H)(Y,X®%) - (D*H)(X,Y,X?), (DH)(X®))

= (¢/{(JX, H(X, X))(JY, (DH)(X®)) = (JY, H(X, X))(J X, (DH)(X®))},

where we have used (2.1). Let vx be the geodesic as before and P be a 4-dimensional
totally geodesic submanifold which contains 7x(I) for some open interval I (3 0),
where I is taken small enough to satisfy 7x (/) C S2. Note that (%), 72(¥) and
73(%) are tangent to P on I. Thus if P is totally real, then JX is orthogonal to
H(X,X) and (DH)(X?), and hence the right-hand side of (2.1) vanishes. So we
assume that P is a complex submanifold in CP9(c). Define a complex subspace Il
in T.,(S)P by

I, = Span{¥, J4, H(%,4), JH(%,%), (DH)(%*), J(DH)(%%)}

for each s € I. Clearly, dimIl; = 4 for every s. Thus there exist functions
ay,...,as on I such that (a;(s),...,as(s)) # 0 for each s and

a1y + a2 Jy + asH(Y,4) + asJH (4, %) + as(DH)(4*) = 0.
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Making use of (1.6), we have
ar — (J4, H(¥,9))as =0,
az + (J4, H(y,4))as + (J4, (DH)(3%))as =0,
(J4, H(¥, %)) o2 + A a3 =0,
— (JA, H(%,4))er + Nag + (JH(3,7%), (DH)(3%))as =0,
(JY',H(%,9))oqa =0,
(JY',H(¥,9))as + (JY', (DH)(¥*))as = 0,
(JY', H(¥,9)ez + (H(,Y"), JH(Y,7)) s = 0,
where Y~ is the parallel vector field along vx such that Y"(0) =Y. If
(JY',H(4,4)) #0 at somet € I,

then a4(t) = 0 by the fifth equation above and it is not difficult to derive ay(t) =
.-+ = a5(t) from the other equations. Therefore we see that (JY ', H(¥,4)) =0 on
1, from which

(2.13) (JH(X,Y),H(X, X))+ (JY,(DH)(X?)) = 0.
Suppose that (JY,(DH)(X3)) # 0. Then by (JY,H(X,X)) = 0 and (2.13), we
have a1(0) = a4(0) = a5(0) = 0 and the above seven equations reduce to
az(0) + (JX, H(X, X))a3(0) =0,
(JX,H(X,X))az(0) + A\2a3(0) = 0.
Since (a2(0), @3(0)) # 0, (JX, H(X,X)) = A which is equivalent to H(X,X) =
+AJX. However we have a contradiction
0# (JH(X,Y),H(X,X))=(JH(X,Y),£AJX) =0.

We have proved (JY, H(X, X)) = (JY,(DH)(X3)) =0. QE.D.

If 4 = 0, the the second fundamental form is parallel. In the following two
lemmas, we assume u # 0.

LEMMA 2.4. The function v is defined on UM 1is constant on each fiber Uy M.

PROOF. Since y is constant, we have ((DH)(X3),(D?H)(X*)) = 0 for every
unit tangent vector X. By (2.4), it is easy to show
(2.14) I(D*H)(XI? = Ap? (u® + v*(X)).

Thus it suffices to prove that the derivative of |[(D2H)(X*)||? in the direction
Y vanishes, where X € {X € UM;v(X) # 0} and Y is a unit tangent vector
orthogonal to X. Therefore we shall prove

(2.15) (D*H)(Y,X®) + 3(D*H)(X3,Y),(D?*H)(X*)) = 0.
Suppose that
(2.16) (D*H)(Y,X?),(D*H)(X*)) = (D*H)(X3,Y), (D*H)(X*)).

We proved ((DH)(X,X,Y),(D*H)(X*)) = 0 in the proof of Lemma 2.3 (cf. (2.7)
and (2.9)). It follows that

(2.17) (D*H)(X3,Y),(D*H)(X*)) + (DH)(X, X,Y),(D*H)(X®)) = 0.
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Since (DH)(X, X,Y) is orthogonal to 7;(X) for ¢ = 1,2, 3,4, we have
(Viix, (DH)(X, X,Y)) =0

and hence ((DH)(X,X,Y),(D3H)(X®)) = 0. By (2.16) and (2.17), we obtain
(2.15).

We must show (2.16). When M = M|(c), by the same argument as in the proof
of Lemma 2.3, (2.16) can be proved. Thus suppose that M = CP9(c) and f is
totally real. Then, from (1.5)’ and (2.10),

(D*H)(Y,X®) - (D*H)(X,Y,X?), (D*H)(X*))
(2.18) = (¢/){(J X, H(X, X))(JY, (D*H)(X*))

= (JY, H(X, X)}{J X, (D*H)(X*))}.

Let P be as before. Then the Frenet vectors 71(X),...,74(X) of vx span TP
at z = n(X). If P is totally real, then (JX, H(X,X)) = 0 = (JX,(D?*H)(X*))
and we have (2.16). Assume that P is a complex submanifold in CP?(c). Since
79(X), 73(X) and 74(X) are normal to M, (Y,7,(X)) =0 for ¢ = 2,3,4. Moreover
JH(X,X) and J(D?H)(X*) are linear combinations of 7;(X),...,74(X). Thus
(Y,JH(X,X)) = (Y,J(D?H)(X*)) = 0. Substituting this equation into the right-
hand side of (2.18), we obtain (2.16). Q.E.D.

LEMMA 2.5. The function v is constant on M.
PROOF. Similarly, it suffices to show
(2.19) (D*H)(Y,X*),(D*H)(X*)) =0

for every X € m=!(S3) and Y orthogonal to X, where S3 = {z € M;v(z) # 0}.
The same argument as in the proof of Lemma 2.4 implies

(2.20) (D*H)(Y,X*) - (D3H)(X,Y,X3),(D*H)(X*) =0
in both cases M = M(c) and CP4(c). We proved ((D*H)(Y, X3),(D?H)(X*)) =0
for any X € 7~1(S3) and Y orthogonal to X. Noting that S3 is open, we get
(D*H)(X,Y,X®), (D*H)(X*)) + (D*H)(Y, X®),(D*H)(X°)) = 0.
Therefore we have only to prove ((D2H)(Y, X3), (D3H)(X5)) = 0 because of (2.20).
Since
(D’H)(Y,X®), H(X, X)) = —((DH)(X®), (DH)(Y, X, X)) =0,

it follows from (2.7) and (2.16) that (D?H)(Y, X?) is orthogonal to 7;(X) for i =
1,2,3,4. Therefore (vj(r'x, (D*H)(Y,X3)) =0 and so (2.19) holds. Q.E.D.
By Lemmas 2.2-2.5, we have

THEOREM 2.6. Let f: M — M(c) be a constant isotropic, 4-planar geodesic
immersion into a real space form M(c). Then f is a helical immersion of order
<4.

THEOREM 2.7. Let f: M — CP9(c) be a constant isotropic, 4-planar geodesic,
totally real immersion. Then f is a helical immersion of order < 4.

For the definition of helical immersions, see [20].
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3. Classification. In this section, we shall classify constant isotropic, 4-planar
geodesic immersions into S™(1) and totally real, constant isotropic, 4-planar geo-
desic immersions into CP?(4). By the results of the preceding section, we have four
cases:

(A) A=0,

(B)A#0,p=0,

(C) Au#0, v=0,

(D) Apv #0.

Firstly, let the ambient manifold M be a Euclidean sphere S™(1) of constant
curvature 1. We assume that M is connected and complete. In case (A), f is totally
geodesic and M = S™(1). In case (B), we see that the second fundamental form
is parallel and f is 2-planar geodesic. In [19], we classified all 2-planar geodesic
immersions into S™(1). Next, let us consider cases (C) and (D) where the immer-
sions are helical of orders 3 and 4, respectively. In [14, 21 and 22], helical minimal
immersions of orders 3 and 4 into S™(1) were determined. In the following, we
exclude the minimality from the assumption and generalize the results obtained in
those papers.

We recall some results about helical immersions (for detail, see [20 and 21]). Let
f: M — S™(1) be a helical immersion of order 3 or 4. Then ¢ = 1o f: M — E™*!
is a helical immersion of order 4, where ¢ denotes the canonical inclusion of S™(1)
into E™*! whose origin coincides with the center. Let A, u and v (resp. A1, A2 and
A3) be the first, second and third Frenet curvatures of f o« (resp. ¢ o ) for each
geodesic v of M, respectively. Then we see that

M=+ Ag=ap/h, Az = (W + v - a2

where v = 0 if the order of f is equal to 3. The Frenet frame {7;(X)},7 =1,...,4,
of 7x = ¢ o~x at £ = n(X) is given by

n(X)=X, n(X)=(1/A){-z+H(X X)},

73(X) = (1/\122)(DH)(X®),

74(X) = (1/A12223) {22z + \2H(X, X) + (DZH)(X*)},

where we note that (D?H)(X*) = —u?2H (X, X) if the order of f equals 3 and H is
the second fundamental form of f. Define fi,..., f4 by the differential equation

fi=1=XAifa, fa=Mf1— A2 fs,

(3.1) . ,

fa=Xfo—Asfa,  fa=X3fs
with initial conditions f1(0) = --- = f4(0) = 0. Moreover define £(s; X) and ¢(s; X)
by

where 7(X) = 7(X) — (r(X), z)z (i = 2,4).

LEMMA 3.1 (CF. (20, 23]). Let f: M — S™(1) be a helical immersion of a
connected complete Riemannian manifold M. Then M 1is a Blaschke manifold. If
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f 1s not injective, then M is isometric to a sphere S™ and f is the composite of the
covering map S™ — RP™ and a helical imbedding RP™ — S™(1).

Then the cut locus of every point is spherical (this fact is equivalent to the
definition of a Blaschke manifold) and we denote by L the diameter. Furthermore,
we may asume that f is an imbedding.

LEMMA 3.2 (CF. [21]). Define {x(s;V) and (DE)(s;V; X) by
Ex(8;V) = (d/dO)E(s;co80X +sind(V/|V]))e=o,
(DE)(s;V; X) = fa(s)(D72) (V5 X) + fa(s)(D74)(V; X)

for every V orthogonal to X € UM. Define ¢x(s;V') and (D¢)(s;V; X) in a similar
manner. Then

(f1(8))2H(V, X) + f1(s)(Ds)(s; V; X)
=F(5)x(s;V) = Ex(55Ae(s;)V) = sx (85 Agsix)V),
where F =1 — A7 fa — Ag(A1A3) " fa.

LEMMA 3.3 [21]. Let Cut(z) denote the cut locus of z, b = F(L) and a =
fi(L). Let X € UM . Then

(3.2)

)
) Cut(z) = {bz + £(L;V);V € U, M},

) fi(L) = f3(L) =0, (f1)*+(f3)> =1, F' =~fi,
) Ag(L;x)V = bV for everyv € {X}*+ ifa =0,

)

(Ex(s:V), H(X, X)) = ({(s; X), H(X,V)) =0,
(sx(s:V), H(X, X)) = (¢(s; X), H(X,V)) = 0 for any V € {X}*,
(E(L: X), H(X, X)) =b—a, (¢(s;X),H(X,X)) =0,
where we tdentified M with (M) C E™.
Making use of the above three lemmas, we prove

LEMMA 3.4. Let f: M — S™(1) be a helical tmbedding of a connected, com-
plete Riemannian manifold M. If the order equals 3, then M 1is isometric to
a FEuclidean sphere S™. If the order equals 4, then M s isometric to one of
S, RP™, CP™? QP™* or Cay P? with canonical metric.

PROOF. Put a3 = f4(L). From (3) of Lemma 3.3, a® + a3 = 1. Suppose that
the order equals 3. Assume a # 0. By the same argument as Theorem 4.1 of [21],
a3 = 0. Thusa = %1. Ifa = 1, then (3.1) implies that fo(L) = f4(L) = 0 and hence
b = 1 which contradicts the injectivity of f. Noting that (1/A1)% + (A2/A1A3)% =1
(cf. p. 74, Remark [20]) and using (3.1), we conclude @ = b = —1. From (2) of
Lemma 3.3, it follows that Cut(z) consists of one point for every z. Thus, by
the well-known Berger theorem (for exmple, see [2]), M is isometric to a sphere.
Assume a = 0. Differentiate both sides of (3.2) twice at s = L. Using (3) and (4)
in Lemma 3.3, we have {x(L; A¢r1,x)V) = =265 (L; Ag 1, x)V) for V e {X}+.
Take the inner product of both sides and H(X,V). Then A/ (1,;x)V = 0 because
of (5) of Lemma 3.3, from which &x(L; Agr(;x)V) = 0 for every V € {X}+.
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If £(L; X) = 0, then b = —1 which contradicts (4) of Lemma 3.3. Thus we see
that &(L; X) = aH(X,X) for some nonzero a and every X € U, M. Moreover,
differentiating (1) of Lemma 3.3 twice at s = L, .

H(yx (L), ¥x (L)) — 7x (L) = €"(L; X).

Thus &"(L;X) # 0 and so ¢'(L; X) = BE(L;X) for some nonzero B. Since
(6(L; X),H(X,X)) = al?, we have b # 0. Using (4), éx(V) = 0 for every
V € {X}*. This means that £(X) is independent of X € U, M. We have proved
again that Cut(z) consists of one point for every z.

Next, suppose that the order equals 4. If a # 0, then we can apply the same
argument as [21 and 22] to the (not necessarily minimal) helical immersions of
order 4. (See Theorem 5.7, p. 786 [21] for the case a > 0 and §4 of [22] for the
case a < 0. In those papers, the minimality of the immersion was essentially used
to prove a # 0.) In the case a # 0, we see that M is locally symmetric and hence it
is a compact globally symmetric space of rank one since M is a Blaschke manifold.
Assume a = 0. We have A./(1,x) = 0 by the same argument as the case where the
order equals 3. Since a3 = £1 and ¢’(L; X) = (A1 A2) " tas(DH)(X®), A(pm)(x3) =
0 for every X € UM. Making use of Gauss and Codazzi’s equations, we conclude
that M is a locally symmetric space. Q.E.D.

Next, we explain the ith standard minimal immersions and helical immersions
constructed by Tsukada [24] (cf. [2, 7]). Let (M, g) be a compact symmetric space
of rank one. Let V; be the 7th eigenspace of the Laplace operator A on M, u;
the ith eigenvalue and dimV; = m(z) + 1. Define an inner product ( , ) on V;
by (¢,¢) = f am P dv, where dv denotes the volume element of M. Taking an
orthonormal base {do,...,¢m()} in Vi, we define a map &;: M — E™9+1 by
®;(z) = ci (¢o(2), ..., Im()(z)), where ¢; = {volM/(m(:) + 1)}*/2. Then &,
becomes a full, helical minimal immersion of (M, (u;/n)g) into a unit hypersphere
in E™")+1 which is called the ith standard minimal immersion into S™()(1). For
distinct nonnegative integers 71, ...,%¢, and positive real numbers a;,...,a, such
that - af = 1, define ®;,, i .01, .0, DY

i, isiar,ar (2) = (018, (2), ..., 00 @i, (2)) € ST (1),

where m(i1,...,%,) = Y_m(k)+r—1. Then this map becomes a helical immersion of
(M,g'), where ¢’ = {(}_ a?pi,)/n}g. Tsukada [24] proved that if f is a full helical
immersion of a compact symmetric space of rank one into a unit sphere, then there
exist 71,...,% and a1,...,a, such that f is congruent to ®;,, i .a,,. .o, (thatis,
there is an isometry ¥ of the unit sphere such that f = Yo®;,  ; .4, . o, ). Seealso
[7]. Tsukada computed the order of ®;, . .a,,. ., of compact symmetric spaces
of rank one except for Cayley projective plane. Using the argument developed in
[10], we easily see that his result is also true for a Cayley projective plane.

LEMMA 3.5 [24]. When M = S™, the order of ®i,, i c...a
max{t1,...,%r} if 11,...,%r are all odd or all even, and

18 equal to

r

1+ max{odd numbers in <y,...,7,} + max{even numbers in iy,...,1,}

if {i1,...,1r} contains both odd numbers and even numbers. When M = RP",
CP™?2 QP™* or CayP?, the order of ®; i .cr..a 15 equal to 2 X
max.{il,...,i,}.
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Using Lemmas 3.4 and 3.5, we obtain

THEOREM 3.6. Let f: M — S™(1) be a constant isotropic, 4-planar geodesic
immersion of a connected, complete Riemannian manifold M. Assume that f is
full. For convenience sake, we abbreviate ®;, i .a,...a, a8 {i1,...,%,}, where ag’s
are determined by the immersion f. Then we have

gA) M =58", f=~{1},
(
(

r

B) M =S, f={2},{0,1} or {0,2}, M = FP™¢, f=~ {1} or {0,1},
C) M =5 f=~{3}or{l1,3},
D)

M= 8",
f ~{4},{0,3},{0,4},{1,2},{2,4},{0,1,2},{0,1,3} or {0,2,4},
M =FP"* f=~{2},{0,2},{1,2} or {0,1,2},

where e = 1,2,4 or 8 according as F = R,C,Q or Cay.

Secondly, let f: M — CP?(4) be a constant isotropic, 4-planar geodesic, totally
real immersion of a connected, complete Riemannian manifold. We shall prove that
f(M) is contained in a totally real, totally geodesic submanifold of CP4(4) in cases
(C) and (D).

LEMMA 3.7. If f is a helical immersion of order 3 (resp. 4), then, for each
geodesic vy of M, there exists a unique 3 (resp. 4)-dimensional, totally real, totally
geodesic submanifold P., such that 7((—o00,00)) C P,, where 7 = fo~.

PROOF. Let f be a helical immersion of order 3 (i.e., case (C)). Define IIx
by x = Sp{n(X),Jr(X): 7 = 1,2,3} C Trx)CPI(c) for X € UM. Since
7;(X)’s are orthonormal and IIx is a complex subspace, dimIIx = 4 or 6. Let
~x be the unit speed geodesic such that yx(0) = 7(X) and 4x(0) = X. By the
assumption, there exist a 4-dimensional totally geodesic submanifold Px and an
open interval I (3 0) such that 7x(I) C Px, where 7x = f o yx. Such Px is not
necessarily unique. Denote by I'x the set of Px’s. Here, we note that every totally
geodesic submanifold of CP?(c) is complex or totally real because of (1.4)". Since
the intersection of a 4-dimensional complex totally geodesic submanifold and totally
real totally geodesic submanifold is a totally geodesic submanifold of dimension < 2
and u # 0, if some element of I' x is complex, then I x consists of one complex totally
geodesic submanifold Px. Since 7;(X)’s are tangent to Px, if I'x contains a totally
real Py, then dimIlx = 6, and if 'x contains a complex Px, then dimIix = 4.
Therefore we see that

{X € UM;dimIIx = 6}
={X €e UM;Sp{r(X), m2(X),73(X)} is totally real}.

It is easy to show that the left-hand side is open in UM. On the other hand, the
right-hand side is closed since it is characterized by equations (J7;(X),7;(X)) =
0 (¢,7 = 1,2,3). Thus if {X € UM;dim IIx = 6} # &, then this set coincides
with UM. We have shown that every element of UerM I'x, i.e., every Px is
complex for all X € UM or totally real for all X € UM. Assume that Px is
complex for all X. Then by the same argument as in the proof of Lemma 2.3,
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(JY,H(X, X)) = 0 for all orthonormal vectors X and Y. Put X () = cosfX +
sin8Y. Differentiating (JX'(6), H(X(6),X(0))) = 0 at § = 0 and using (1.6), we
have (JX,H(X,X)) = 0 for every X € UM. 1t follows from (1.1), (1.2) and
(1.8) that (JX,(DH)(X3)) = 0 for every X. Again from (1.1), (1.2), (2.1) and
(D?H)(X*) = —u?H(X,X), we obtain (JH(X,X),(DH)(X?)) = 0. Therefore
dimII, = 6, which is a contradiction. Thus every Px is totally real. Since Px
is isometric to RP4(1) and v = 0, there is a 3-dimensional totally real, totally
geodesic submanifold P and an open interval I (3 0) such that 7x(I) C P C Px.
Noting that u # 0 and the intersection of two 3-dimensional, totally real, totally
geodesic submanifolds is a totally real, totally geodesic submanifold of dimension
< 2, we see that for each geodesic ~ there exists a unique 3-dimensional, totally
real, totally geodesic submanifold P such that 7((—o00,00)) C P,.

Next, let f be a helical immersion of order 4 (i.e., case (D)). The existence and
uniqueness of P, follow from the assumption that f is 4-planar geodesic and v # 0
(cf. Lemma 2.1 of [18]). Assume that there exist X,Y € UM such that P,, is
complex and P,, is totally real. Take a smooth curve X(t) in UM that satisfies
X(0) = X and X(1) =Y. Consider a function u on [0, 1] defined by

u(t) = Sup{(JX(t), 2); Z € Tr(x(t)) Pyx (i), 121l = 1}

The tangent space of Py, ,, at m(X(t)) is spanned by 71(X(t)),..., 74(X(t)) which
vary smoothly and hence it is a smooth curve in the Grassmann bundle of 4-planes
over M. Thus u is a continuous function. Since every P, , is complex or totally
real, u(t) = 1 or O for each t € [0,1]. It follows that u is contant. However
u(0) = 1 and u(1) = 0. We have shown that P, is complex for every geodesic
~ or totally real for every v. Assume that P,, is complex for every X € UM.
Since JX is a linear combination of m(X),73(X) and 74(X), if Y is orthonormal
to X, then (JX,H(X,Y)) = 0 by means of (1.8), (2.1) and (2.6). Differentiating
(JX(6),H(X(6),X'(6))) =0at § =0, we get (JY,H(X,Y))+ (JX,H(Y,Y)) —
(JX,H(X,X)) =0. By (1.8), (JX,H(X, X)) = 0for every X € UM. Also we have
(JX,(DH)(X®)) = 0 in the same way as the case (C). Thus (JX,74(X)) = £1 on
UM. Since n > 2 and the left-hand side is the restriction to UM of a polynomial
of degree 5, we have a contradiction. Q.E.D.

LEMMA 3.8. Let f: M — CP?(4) be a totally real immersion. If, for every
XeTM, andi,5€{1,...,d},

(3.3) (J(D'?H)(X"),(D’*H)(X?)) = 0,
then the subspace O4(x) defined by
O4(z) = Sp{(D*?H)(X1,..., X:):i=1,...,d, Xy,..., X; € T, M}

is totally real in T,CP(4), where x is arbitrarily fized and (D~ H)(X) (resp.
(D°H)(X,Y)) is understood as (D~ *H)(X) = X (resp. (D°H)(X,Y) = H(X,Y)).

PROOF. We prove
(34) (J(D'?H)(X1,...,X:),(DI2H)(Y1,...,Y;)) =0  (1<4,5<d),

for every X,,...,X;,Y1,...,Y; € Ty M by the induction with respect to r =14 + .
If r = 2, then (3.4) holds since (JX,Y) = 0. Assume that (3.4) holds for every 1,7
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such that r is not greater than p (< 2d). Let r = p+1 (1 < 4,7 < p). We regard
the left-hand side of (3.4) as a multilinear (p + 1)-form. From (3.3), we have only
to show that this form is symmetric. If j > 4, then Ricci’s identity

(D"H)(X,Y,X,,...,Xp) — (D"H)(Y, X, X1,..., X»)
= R*(X,Y)(D"2H)(Xy,...,Xp1)
=Y (D" PH)(Xy,... R(X,Y)Xy, ..., Xn),
t

(1.4), (1.5)" and the assumption of the induction imply that

(D’?H)(Yr, .., Ye, Yigrs - Yy) = (DP2H)(Ya, o Yiegn, Y, o0 YY)
= linear combination of H(-,-),...,(D'"*H)(,...,").

It follows from the assumption of the induction that for every ¢,  with¢+j =p+1
L.H.S. of (3.4) is symmetric with respect to every pair chosen from {Yi,...,Y;}
and similarly, it is symmetric with respect to every pair chosen from {Xj,..., X;}.
Thus it suffices to show that L.H.S. of (3.4) is symmetric with respect to X; and
Y;. Differentiate

(J(D72H)(X;, ..., X;), (D3 H)(Y;, .., Y;)) = 0

in the direction Y;, where X' means the vector field such that X'(z) = X and
VX' =0 at z. Then, using (1.1) and (1.2),

(J(D"'H) (Y1, X1,. .., X;), (D? 3 H)(Ya,...,Y;))
+(J(D?H)(X1, ..., Xi), (D' H)(Y1, Yo, ..., Yy)) = 0.

Since (1 + 1) 4+ (j — 1) = p + 1, the first term is symmetric with respect to X; and
Y1, and hence so is the second term. Q.E.D.

LEMMA 3.9. In the cases (C) and (D), there exists a totally real, totally geodesic
submanifold Q (= RP*(1)) such that f(M) C Q and f: M — Q s full.

PROOF. For each X € UM, Sp{ri(X),...,7a(X)} is totally real in virtue of
Lemma 3.7, where d = 3 or 4 according as (C) or (D). Thus (3.3) holds in cases
(C) and (D). By Lemma 3.8 O4(z) at a distinguished point z is totally real in
T,CPI(4). So, we have a totally real, totally geodesic submanifold ) tangent to
Oq4(z) at z (which is uniquely determined). Let y be an arbitrary point of M and
~ a unit speed geodesic connecting z with y. Let X = 4(0) € U;M . The curve
T = f o~ satisfies the Frenet equation

=11, V4Ti =KiTa, V4T = —Ki1Ti1 + KiTig1 (2<i<d-1),

ViTa = —Ka-17d-1,
where we have put k; = A, ko = u and k3 = v. The initial conditions are 7(0) = z
and 7;(0) = 7;(X) (¢ = 1,...,d) which are contained in O4(z). Consider a curve w in
Q@ whose ¢th curvature is «; for 7 = 1,...,d and which satisfies w(0) = z, w;(0) =
:(X) (¢ = 1,...,d), where w; is the ¢th Frenet vector of w. Since Q is totally

geodesic, the fundamental theorem of ordinary differential equation implies 7 = w.
Thefore f(y) € Q. It is easily verified that f: M — Q is full. Q.E.D.
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We lift f: M — Q to f: M — S*(1) by the Riemannian covering p: S¥(1) —
RP*(1) = Q. Since f is also a full constant isotropic, 4-planar geodesic immersion of
type (C) or (D), we can apply Theorem 3.6 to f and have the complete classification.

Next, we consider the case (B). In this case, the second fundamental form is par-
allel. Thus the classification reduces to that of isotropic, totally real submanifolds
with parallel second fundamental forms, which was done in Naitoh [11] (see also
(12, 13]). He showed that the following cases occur

(By) JT,M C (N})* for every z € M,

(B2) JTM C N} for every z € M,
where N is the first normal space at z defined by N} = Sp{H(X,Y); X,Y € T,M}.
Since (3.3) holds in the case (B;) and so Oq(z) = T, M + N} is totally real, there
exists a totally real, totally geodesic submanifold @ such that f(M) C @ and
f: M — Q is full (by the same argument as Lemma 3.9). Thus case (B;) reduces
to (B) in Theorem 3.6. It is easily verified in case (Bz) that there exists a complex,
totally geodesic submanifold N of CP?(4) such that f(M)C N and f: M — N is
full (cf. [11, 12]).

LEMMA 3.10 [11-13]. Let M be an n (> 2)-dimensional complete, simply
connected, totally real, isotropic submanifold of type (Bg) with parallel second fun-
damental form in CP(4). Then dimec N = n, M is isometric to one of the sym-
metric spaces; R?, R x S™~! (n > 3), SU(3)/SO(3), SU(6)/Sp(3), Ee¢/Fs, and
the immersion 1s rigid.

The concrete construction of totally real, isotropic, parallel immersions of the
above symmetric spaces were also given in [11 and 12]. Here, we simply denote
them by &. It suffices to examine that ® is 4-planar geodesic. Since the above sym-
metric spaces are of rank two, for a given geodesic v of M, there is a 2-dimensional,
flat, totally geodesic submanifold F' of M such that ~ is contained in F. The re-
striction of f to F inherits the properties that f is totally real, isotropic and the
second fundamental form is parallel. Thus, by Lemma 3.10, the universal Riemann-
ian covering manifold of F is isometric to R? and f(F) is contained in a complex
2-dimensional totally geodesic submanifold.

THEOREM 3.11. Let f: M™ — CPI(4) be a constant isotropic, 4-planar geo-
destc, totally real tmmersion of a complete, simply connected Riemannian manifold
(n>2). Let t;: RP¥(1) — CP%(4) (resp. t: CP™(4) — CP9(4)) be a totally real
(resp. complez), totally geodesic immersion, where k = dim Q. Then we see that

(A M=S",f=~u0p (k=n),

(B1) M = 8™, FP"¢, f~u, op o (immersion in (B) of Theorem 3.6),

(B2) M = symmetric spaces in Lemma 3.10, f =~ 130 ®,

(C) M =8", fa1 0po (immersion in (C) of Theorem 3.6),

(D) M = S™, FP™¢, f ~ 1, op o (immersion in (D) of Theorem 3.6), where
F#R.

4. An example of isotropic immersion 72 — S%(1). In this section, we
give an example of constant isotropic immersion of a torus T2 into S5(1). It is
5-planar geodesic, but not 4-planar geodesic. We show that the function u defined
by u(X) = |(DH)(X?)||/A depends on X € U,T? (cf. Remark §2). This example
was given in the study of stationary 2-type surfaces in a sphere (see, M. Barros and
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B.-Y. Chen [1]). Notice that we can not replace the assumption that f is 4-planar
geodesic by 5-planar geodesic in Theorem 2.6.
Let f be a map from E? to E® defined by

(4.1)  f(u,v) = (1/V6)(2cos z cosy, 2 cos zsiny, V2 cos 2z,
2sin z cosy, 2sin £ sin y, V2 sin 2z),
where (u,v) € E? and z = u/V2, y = V6v/2. 1t is easily verified that f(E?) C
S5(1) and f is an isometric imbedding of a flat torus. Let « be a geodesic of E?
which is given by
u=as+ag, v=PBs+f,
where s is the arc-length parameter and o? + % = 1. Since 7(s) = (f o ¥)(s)
satisfies
#=df/ds* = H(,4) - ,
H being the second fundamental form of the immersion f: E2 — S%(1), we have
HA,A) =7+T7. Using (4.1), a straightforward computation shows
(4.2)  H(%,4) = (1/V8){(1 — €?) cos(z + y) + (1 — 62) cos(z — y),
(1 - €?)sin(z +y) — (1 - 6?)sin(z — y),
V2(1 = 2a?) cos 2z, (1 — €2) sin(z + y)
+ (1 —6%)sin(z — y), —(1 — €2) cos(z + y)
+ (1 — 6%) cos(z — y), V2(1 — 202) sin 2z},
where z = (as + a9)/V2, ¥y = V6(Bs + $o)/2, ¢ = (V2o + V68)/2 and 6§ =
(V2o — v/683)/2. Therefore we have A2 = ||H (v,v)||? = 1/2, which is independent
of ~. Noting that
# 7= =X+ (DH)(4, %),
from (4.2)
(DH)(%:4,9)
(4.3) = (1/V3)a(4a? — 3){—sinz cosy, — sin zsiny, (1/v/2) sin 2z,
cos z cos y, cos zsiny, —(1/v/2) cos 2z}.

Therefore we see that the first normal space at each point is 2-dimensional and its
orthogonal complement in the normal space is spanned by

{-sinz cosy, —sinzsiny, (1/v2) sin 2z, cos z cos y, cos zsiny, —(1/v/2) cos 2z}.
Let X = ad/0u+ B/0v at (o, Bo) € E%. Then
u(X) = 2((DH)(X®)|| = |al [4a® - 3].
It follows that u(X) = 0 if and only if & = 0 or & = £1/3/2. Finally, let (a0, fo) =
(0,0) and B/a = 2/v/3. Then a = £1/3/+/7 and the image of the geodesic; u = as,
v = (2a/V/3)s is given by
(1/v/6)(2 cos z cos 2z, 2 cos z sin 2z, V2 cos 2z, 2 sin z cos 2z,
2sin z sin 2z, V2sin 2z),

where £ = as. Since the coordinate components are linearly independent, this
curve is not contained in any 5-plane through the origin of E®. Thus it is not
contained in any 4-dimensional great sphere of S°(1).
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